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Abstract 

We compute the multipliers (2-cocycles) of the free nilpotent groups 
of class 2 and rank n and give conditions for simplicity of the associated 
twisted group C*-algebras. The free nilpotent groups of class 2 and rank n 
can also be considered as a family of generalized Heisenberg groups with 
higher-dimensional center and their group C*-algebras are in a natural 
way isomorphic to continuous fields over T2"(""i) with the noncommuta- 
tive n-tori as fibers. In this way, the twisted group C*-algebras associated 
with the free nilpotent groups of class 2 and rank n may be thought of as 
"second order" noncommutative n-tori. 

Introduction 

The discrete Heisenberg group may be described as the group generated by three 
elements ui,U2,vi2 satisfying the commutation relations 

[m1,U12] = [U2,V12] = 1, [ui,U2] = Wl2- 

The group has received much attention in the literature, partly because it is 
one of the easiest examples of a nonabelian torsion-free group. Moreover, the 
continuous Heisenberg group (see below) is a connected nilpotent Lie group that 
arises in certain quantum mechanical systems. 

As a natural consequence of this attention, several classes of generalized 
Heisenberg groups have been investigated. For example, in [TUl [TT] Milnes and 
Walters describe all the four and five-dimensional nilpotent groups, and in [71 
[S], Lee and Packer study the finitely generated torsion- free two-step nilpotent 
groups with one-dimensional center. 

In this paper, on the other hand, we will consider a family of generalized 
Heisenberg groups, denoted by G{n) for n >2, with larger center. The groups 
G{n) are the so-called free nilpotent groups of class 2 and rank n and will be 
defined properly in Section [1] Here we also provide further motivation for our 
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investigation of these groups. Inspired by the work of Packer [T^], we compute 
the second cohomology group H^{G{n),T) of G{n) and study the structure 
of the twisted group C*-algebras C*{G{n),a) associated with muhiphers a of 
Gin). 

Section[2]is devoted to the multipher calculations, where we decompose G{n) 
into a semidirect product and apply techniques introduced by Mackey jSj. In 
particular, we will see that 

772(G(n),T) ^ jii^+^M^-i)^ 

and in Theorem 1 2 . 71 we give explicit formulas for the multipliers of G{n) up to 
similarity. 

Next, in Section [3] we describe G*{G{n),a-) as a universal C*-algebra of 
a set of generators and relations. Then we construct the algebra that in a 
natural way appear as a continuous field over the compact space -ff^(G(n),T) 
with G*{G{n),(j) as fibers. We also conjecture that this algebra is the group 
C*-algebra of the free nilpotent group of class 3 and rank n, which is indeed the 
case for n = 2. 

In SectionUwe investigate the center of G*{G{n), a) and give conditions for 
simplicity of these twisted group C*-algebras. 

Finally, in Section [5] we study the automorphism group of G{n) and discuss 
isomorphism invariants of C* {G{n), a) coming from Aut G(n). 

The author would like to thank Erik Bedos, first for suggesting the problem 
of computing the multipliers of the group G(3), and then for providing valuable 
comments throughout this work. 

1 The free nilpotent groups G{n) 

For each natural number n > 2, let G(n) be the group generated by elements 
{ui}i<i<n and {vjk}i<j<k<n subject to the relations 

[Vjk,Vi„i] = [Ui,Vjk] = 1, [Uj,Uk] = Vjk (1) 

for 1 < i < n, 1 < j < k < n, and 1 < I < m < n. Clearly, G(2) is the usual 
(discrete) Heisenberg group. For some purposes, it can be useful to set G(l) — 
(ui) = Z. Remark that G(n) is generated by n + ^n{n — 1) = ^n{n + 1) ele- 
ments. 

The group G{n) is called the free nilpotent group of class 2 and rank n. 
Indeed, G{n) is a free object on n generators in the category of nilpotent groups 
of step at most two. To see this, note first that G(n) is the group generated by 
subject to the relations that all commutators of order greater than two 
involving the generators are trivial. Let G'(n) be any other nilpotent group of 
step at most two and let be any set of n elements in G'{n). Then there 

is a unique homomorphism from G(n) to G'{n) that maps Ui to u'^ for I < i < n. 
Of course, every free object on n generators in this category is isomorphic with 
G(n). For a more extensive treatment of free nilpotent groups, see the post on 
Terence Tao's webpage [T7] (see also 2. in the list below). 
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Furthermore, we will need the following concrete realization, say G{n), of 
G{n). For n > 2, we denote the elements of G{n) by 

r = (ri, . . . ,r„,ri2,ri3, . . . ,r'„_i,„J3, 

where all entries are integers, and define multiplication by 

r ■ s = (ri + si, . . . ,r„ + s„, 

ri2 + si2 + riS2, ri3 + S13 + riSs, . . . , r„_i,„ + s„_i,„ + r„_is„). 

By letting Ui have 1 in the i'th spot and else and Vjk have 1 in the jfc'th 
spot and else, the relations H]) are satisfied for these elements. Next, we define 
the map ^ 

G{n) — > G{n), r 1 — > v^^^ ■ ■ ■ w^^i'™" ■ KT ■ ■ ■ , 

and then it is not difficult to see that G{n) is isomorphic to G{n). Henceforth, 
we will not distinguish between G{n) and the realization G{n) just described, 
but this should cause no confusion. 

Denote by V{n) the subgroup of G{n) generated by the VjkS.. Then V{n) 
coincides with the center Z{G{n)) of G{n) and 

V{n) = Z(G(n)) 9^Z5"("~i). 

Moreover, consider the subgroups G{n — 1) and H{n) of G{n) defined by 

G{n - 1) = {u.i,Vjk ■ i < "i < n - 1,1 < j < k < n ~ 1), 
H{n) = {un,Vjn : I < j <n). 

Note that G{n — 1) sits inside G{n) as a subgroup and that H{n) ^ Z" is 
a normal subgroup of G{n). Clearly, we have that G{n)/V(n) = Z" and 
G{n) / H{n) = G{n — 1). Therefore, there are short exact sequences 

1 V{n) G{n) ► Z" 1 

and 

1 ► H{n) G{n) G(n - 1) ► 1 

where the second one splits and the first does not. In particular, G(n) is a central 
extension of Z" by Z2"("^i) and consequently, G{n) is a two-step nilpotent 
group. 

To motivate our investigation of G{n), we present a few aspects about these 
groups and some appearances in the literature. 

1. Consider in the first place the continuous Heisenberg group. We will 
represent this group in two different ways, Gmatrix and Gwcdgo, both with 
elements {x,x') — {xi,X2,x') S R^, i.e. x = {xi,X2) G K^, and with 
multiplication as follows. For Gmatrix we define 

{xi,X2,x'){yi,y2,y') = (xi +yi,X2 + y2,x' + y' + xm) , 

^To be absolutely precise, the entries with double index are colexicographically ordered, 
that is, (j, j) < {k, I) if j < I or if j = I and i < k. 
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and for Gwodgo we set 

{xi,X2,x'){yi,y2,y') = {xi +yi,X2 +y2,x' + y' + \{xiy2 - X2yi)) ■ 

One can deduce that Gmatrix = Gwodgc- To motivate the notation, note 
that Gmatrix Can be represented as matrix muhiphcation in Af3(R) if one 
identifies 

(1 Xi x' 
1 X2 
1 

and that the multiplication in Gwcdgc may be written as 
{x, x'){y, y') = {x + y,x' + y' + A y)) . 

In general, the wedge product on R" is defined as a certain bilinear map 
(see f.ex. US p. 79]) 

R" X R" ^ A^(K"), 

where /\ {W ) is a ^n{n— l)-dimensional real vector space. The elements 
of /\^(R") are called bivectors and if {ei}"^i is a basis for R", then {a A 
^j}i<j ^ basis for /\^(R"). For n > 2, define the group G(n,R) with 
elements 

(x, x') G R"©A'(R"), where x = (xi, . . . , Xn), x' = (x'12, x'lg, . . . , <_i,„), 

and where multiplication is given by 

{x, x'){y, y') = (a; + y, a;' + t/' + \{x A y)) . 

This group is of dimension n + ^n{n — 1) = ^n{n + 1). Remark especially 
that if n = 3 the wedge product can be identified with the vector cross 
product on . That is, the product in G(3,R) is given by 

(x, x'){y, y') = (a; + y, x' + y' + i(x X y)) . 

It is not hard to see that the groups G{n, R) are isomorphic with groups 
consisting of the same elements, but with multiplication given by 

{x,x'){y,y') = (x + y,x' + y' + (xiy2,a;iy3,---,a;„-iy„)). (2) 

For n > 2, let G(n,R) denote the group defined by Then G(n) is the 
integer version of G(n,R). 

2. One may define the free nilpotent group G(m, n) of class m and rank n for 
every m>\. Indeed, G{m,n) is the group generated by {Mi}"^^ subject 
to the relations that all commutators of order greater than m involving 
the generators are trivial. More precisely, for m — 1,2,3 and n > 2, the 
group G{m, n) can be described as the groups with presentation 

G(l,n) = ({u,}r=i:K,%] = l>=Z'\ 

G(2,n) = ({u,KLi : [[u,,u,luk] = 1) = G(n), (3) 

G(3,n) = : [[[u„Uj],Uk],ui] = 1), 
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and it should now be clear how to define G{m,n) for all m > l,n > 2. 
Finally, we set G(m, 1) = (ui) = Z for each m > 1. Moreover, for all 
m,n > 1, the group G{m,n) is the free object on n generators in the 
category of nilpotent groups of step at most m. In particular, notice that 
G(m, n) is m-step nilpotent and that 

G(m,n) ^ G{m + l,n)/Z{G{m+ l,n)). (4) 

Again, we refer to [17 for additional details. 

In [TTJ Section 4] , Milnes and Walters describe the simple quotients of the 
C*-algebra associated with a five-dimensional group denoted by i?5,4. One 
can check that H5^4 is isomorphic with the group G(3, 2) (see Remark [5^ 
for more about this group). 

The homology of free nilpotent groups of class 2 has been calculated in [B] 
(see Remark |2 . lUI below) . 

3. The group G(3) is briefly discussed by Baggett and Packer [21 Example 4.3] . 
The purpose of that paper is to describe the primitive ideal space of group 
G*-algebras of some two-step nilpotent groups. However, G(3) only serves 
as an example of a group the authors could not handle. 

Moreover, as remarked in the (ordinary) irreducible representation 
theory of G(3) coincides with the projective irreducible representation 
theory of Z'^. 

4. Fix n > 2. It follows from [51, Section 1] that the group G*-algebra 
A = C*{G{n)) may be described as the universal G*-algebra generated 
by unitaries {C/i}i<i<n and {Vjk}i<j<k<n satisfying the relations 

[Vjk , Vi„,] = , Vjk] = I, [Uj , Uk] - V,k 

for all 1 < i < n, I < j < k < and 1 < / < m < n. 

For A = (Ai2, Ai3, . . . , A„_i,„) e j^nin-i)^ ^j^g noncommutative 

n-torus. It is the universal G*-algebra generated by unitaries {Wi}"^^ and 
relations [Wi, Wj] = XijI for I < i < j < n. The universal property of A 
gives that for each A in T^"^"^^^ there is a surjective *-homomorphism 

TTx: A^ Ax 

satisiying i:\{Ui) = VF^ for 1 < i < n and ■n\{Vjk) = Xjkl for 1 < j < fc < n. 

Furthermore, A has center Z{A) = C*{V{n)). Indeed, this is the case 
since G{n) is amenable and its finite conjugacy classes are precisely the 
one-point sets of central elements (see Lemma [4. II) . Therefore, we set 

T = PrimZ(A) ^ Z{A) = T*"("-i). 

Let A be a primitive ideal of Z{A) identified with an element of T^"'^"~^^ 
Let 2\ be the ideal of A generated by A, that is, the ideal generated by 
{Vjk — Xjkl ■ ^ < j < k < n}. It is clear that 2\ C kerTr^. By the 
universal property of Ax, there is a *-homomorphism 

p:Ax^ A/Ix 
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such that p{Wi) — Ui + T\ ior 1 < i < n. Hence, p o ttx comcides with 
the quotient map A — > A/X\ and consequently, ker7r> C T\. Therefore, 
A\ = A/I\ and tta may be regarded as the quotient map A — > A/X\. 

For a G A, let a be the section T |Jy A\ given by a(A) = ii\{a) and let 

A = {a I a G A} be the set of sections. Then the following can be deduced 
from the Dauns-Hofmann Theorem [S]. 

Theorem 1.1. The triple {T,{A\},A) consisting of the base space T, 
C* -algebras A\ for each A in T , and the set of sections A, is a full contin- 
uous field of C* -algebras. Moreover, the C* -algebra associated with this 
continuous field is naturally isomorphic to A. 

This result may also be obtained as a corollary to [THl Theorem 1.2] by 
taking G = G{n) and ct = 1 in that theorem, but our proof is more direct, 
in the spirit of fV, Theorem 1.1] which covers the case where n = 2. 

2 The multipliers of G{n) 

Let G be any discrete group with identity e. A function ct : G x G — >■ T satisfying 

CT(r, s)a{rs, t) — a{r, st)a{s, t) 
a{r, e) — a{e, r) = 1 

for all elements r, s,t G G is called a multiplier of G or & 2-cocycle on G with 
values in T. Moreover, two multipliers ct and r are said to be similar if 

r(r, s) = j3{r)(3{s)l3(rs)a(r, s) 

for all r,s G and some P : G ^ T. The set of similarity classes of multipliers of 
G is an abelian group under pointwise multiplication. This group is the second 
cohomology group i7^(G, T). 

To compute the multipliers of G(n) up to similarity, we will proceed in the 
following way. Consider G(n) as the split extension of G{n — 1) by H{n) as 
described in Section [TJ We will identify the elements 

a = (0, . . . , 0, a„, 0, . . . , 0, ai„, . . . , a„_i^„), 

b ^ (6i, . . . ,5„_i,0, 5i2, . . . ,6„_2,n-i,0, ... ,0), 

of H{n) and G{n — 1), respectively, with ones of the form 

a i y (^715 ^In; ■ ■ ■ 1 ^n— l,n)i 

b < > {bl, . . . , 6n-l, bi2, . . . , bn-2,n-l)- 

By properties of the semidirect product, the elements of G(n) can be uniquely 
written as a product ab, where a belongs to H{n) and b belongs to G{n — 1). 
Define the action a of G{n — 1) on H{n) by 

ai,{a) = bab^^ = (a„, ai„ + 610^, . . . , a„_i,„ + 6„_ia„). 
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Hence, alternatively, one may write G{n) — H{n) xi^ G{n — 1), but to simplify 
the notation, we still denote the elements of G{n) by ab instead {a,b), and 
write the group product in G(n) as {ab){a'b') = aab{a')bb' for a, a' G H{n) and 
b,b' G G{n — 1). Hopefully, the reader is familiar with semidircct products so 
that this does not cause any confusion. 

Next, we may apply Mackey's theorem 9, Theorem 9.4] and obtain: 

Remark 2.1. For notational reasons, to minimize the number of primes in the 
computations, we are switching a and a' . 

Theorem 2.2. Every multiplier of G{n) is similar to a multiplier an of G{n) 
of the form 

an{a'b,ab') = aH(n){a\ab{a))gn{a,b)an~i[b,b'), (5) 

where (Jfjin) o,n-d- cr„_i are multipliers of H{n) and G{n — 1), respectively, gn 
is a function H{n) x G{n — 1) — > T such that gn{a,e) — gn{e,b) = 1 for all 
a G H(n), b G G{n — 1), and <JH{n) o-^d gn satisfy 

gn{a + a',b) = crH(n){(^b{a),ab{a'))<TH(n){a,a') • g„(a, 6).g„(a', 6), 
gn{a,bb') = g„(a6' (a), 6).g„(a, 6')- 

Moreover, for 6VGry choice ofG}{(^jij, g^i 

and Gn-i satisfying the conditions above, 

(T„ is a multiplier of G{n). 

Proposition 2.3. Let (^//(n), </„, (t„_i) and , ff^, cr^_i) be triples satis- 

fying the conditions of Theorem \2.2\ and let an and a'n be the corresponding 
multipliers of G{n). Then an ^ <y'n o,nd only if the following conditions hold: 

(i) an-l ^ 

(ii) There exists j3 : H{n) T such that 

'^'H(n) (fl' a') = /3(a)/3(a')/3(a + a')aH(n) (a, a'), 
9'n{a,b) = P{ab{a))f3{a)gn{a,b). 

Remark 2.4. If (ii) holds, then aH{n) ^ '^Hin)- '^H{n) ^ '^Hin) 1^ ^'^'^ 
are two functions implementing the similarity, then — f ■ j3 for some 
homomorphism / : H{n) — T. 

Proof. Suppose cr„ cr^, then there exists some 7 : G{n) — )• T such that 

an{a'b, ab') = ■j{a'b)-f{ab')j{a'bab')a'n{a'b, ab') (7) 

for all a, a' G H{n) and b, b' G G{n — 1). In particular, if a a' 0, then 

= j{b)j{b')^)a'n_,{b,b') 

for all 6,6' G G{n — 1), so cr„_i ~ <^n~i- Moreover, the formula ([5]) from 
Theorem 12.21 with a = and 6 = e gives that 

an{a',b')^l = a'n{a',b') 
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for all a' G H{n) and h' G G{n — 1). Applying this fact to ([7]) shows that 
7(a'6') = 7(a')7(6') for all a' G H{n) and &' G G(n - 1). Define (3 on H(n) by 
/3(a) = 7(a)- Then, by letting & = 6' = e in ([5]) and (O, we get 

f^ffCn) «) = /^(a')/3(a)/3(«' + a)(JH{n) {a', a) 

for all a', a G H{n). Furthermore, by letting a' = and h' — e in (0) and ((T]), 
we get that 

5n(a, fe) = 7(6)7(0)7(60)5^(0, 5) 

= 7(&)7(a)7(a6(a)&)5«(a> 
= 7(fc)7(a)7(afc(a))7(^)ff^i(a, h) 
= 7(a)7(a&(a))ff^(a,5) 
= /3(a)/3(afc(a))5;(a,6) 

for ah a G iJ(n) and h G G(n - 1). 

Assume next that /3 is such that (ii) holds, and that (i) holds through 5, that 
is, 

a„_i(6,6') = 5{h)5{h')5{hh')a[^_^{h,b'). 

Define 7 on G(n) by 7(06) = /3(a)(5(fe). Then 

f7n{a'b,ab') = o-H(„)(a', a6(a))5„(a, 6)ct„_i(5, 6') 

= /3(a')/3(a6(a))/3(a' + ab(a))(T^(„-| (a', a6(a)) 

• P{a)/3{abiaj)g'^{a, b) ■ S{b)6{b')5iW)a'^^,{b, b') 
= f3{a')5{b) ■ /3{a)S{b') ■ /3{a' + ab{a))S{bb'y„{a'b, ab') 
= j{a'b)-f{ab')j{a'bab')a'„{a'b,ab'). 

□ 

Remark 2.5. Clearly, a similar result may be shown to hold for any semidirect 
product. 

The result can be deduced from [T^ Appendix 2] , but in any case it may be 
useful to give a proof by a direct computation. 

Let r„ be a multiplier of G{n) coming from a pair {cr h {n) t 9n) , that is, 

Tn{a'b,ab') ^ CTH(n){0'' ,ab{a))gn{a,b), (8) 

where {(JH{n),gn) satisfies (IH]). By Theorem 12.21 and Proposition 12.31 every 
multiplier of G{n) that is trivial on G{n — 1) is similar to one of this form. 
Denote the abelian group of similarity classes of multipliers of this type by 
H^{G{n),T). 

Corollary 2.6. For all n > 2, the second cohomology group of G{n) may be 
decomposed as 

n 

H^{G{n),T) = H^{G{n),T) ® H^{G{n - 1), T) = H^{G{k),T). 

k=1 
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(9) 



Proof. It follows from Tlicorem l2 . 2l and Proposition l2.3l fsce our comment above) 
that 

H^{G{n),T) = H^{G{n),T)(BH^{G{n - 1),T). 
Thus, the second inequality is proven by induction after noticing that 

{1} = H^{Z, T) = i/^(G(l), T) = if^(G(l), T). 

□ 

Theorem 2.7. We have that 

H^{G{n),T) ^ T^("+i)"("-i\ 
and for each set of ^{n + l)n{n — 1) parameters 

{Ajjfc :l<i< k,l<j <k<n} cT, 
the associated [a] e i?^(G(n),T) may be represented by 

i<j<k 

^j,]k ^k,jk 
3<k 

The proof of this theorem will be given in Section 12.11 

Remark 2.8. Note that \i,jk for i > A: is not involved in the expression above. 
See Remark 13.21 and for comments regarding this fact. This is also a 
consequence of ([TS]) in the proof below. 

Example 2.9. For G(l) = Z there are no nontrivial multipliers. The multipliers 
of the usual Heisenberg group G(2) are, up to similarity, given by two parameters 
(as computed in 13, Proposition 1.1]): 

I \_ ^Si2ri + \s2ri(ri-l) ,r2(si2+riS2) + \riS2(s2-l) 
(7(r, S) — A^ j^2 ^2,12 

The multipliers of G(3) are, up to similarity, given by eight parameters: 

^ir. A — \S23I-1+S3'ri2 x Sl3»'2+S3('-ir2-ri2) 

a[r, S) — 23 "^2,13 

, 8121-1 + ^S2i'i(ri- 1) , 7-2(812 +riS2) + ^ri S2(S2-1) 

■ -^1,12 ^2,12 

\.si3T'i + is3ri(ri-l) , 7-3(813 +ri 33) + iri 83(83-1) 

■ '^1,13 ^3,13 

^ 823''2 + ^83r2(r2-l) > I-3 (823 +»-2 83 ) + ^ ''283 (83 - 1) 

■ ^2,23 ^3,23 

Remark 2.10. One may associate a Lyndon-Hochschild-Serre spectral sequence 
with the extension (see f.ex. [151 6.8.2]): 



1 ► V{n) G{n) Z" 1 

By applying [B] Theorem 4] to this sequence, one can then compute the second 
homology group of G{n) and deduce that 

H2{G{n),Z) 9^Z3("+i)"("-i), 

which gives that _ff^(G(n),T) = 'ir3("+i)"("-i) after dualizing. However, this 
does not give an explicit description of H^{G{n),T). 
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2.1 Proof of Theorem 1X71 

Fix n>2. We will in the proof compute H'^{G{n),T) through several lemmas. 

Lemma 2.1.1. Every element of H'^(G{n),T) may be represented by a pair 
{<JH(n)i9n), where aH(n) is a multiplier of H(n) given by 

n-1 

CTfl-(„)(a',a) = A"""'" (11) 
1=1 

for some Ai, . . . , A„_i e T, and gn satisfies 

n-1 



gn{a + a\b) = [] Ar""")<?nK %n(a', (12) 



■ i=l 

for all a, a' £ H(n) and b 6 G{n — 1). 



Proof. Every element of H'^{G{n), T) may be represented by a multiplier of the 
form ([5]), that is, by a pair {oH{n)T9n) satisfying 

Moreover, it is well-known (see f.ex. [2j) that every multiplier of H{n) = Z" 
is similar to one of the form 

l<j<n-l l<j<fe<ri-l 

for some sets of scalars {Ai}i<i<„_i, {/ijfc}i<j<fc<„_i C T. Since H{n) is 
abelian, © gives that 



<JH{n) {ab{a),oi}j{a'))(jH{n) (a, a') = gn{a + a', b)gn{a, b)g„{a' , b) 

= g«(a' + a, b)g„{a', 6)g„(a, b) 



= o-H{n){o!t{a'),ab{a))aH(n)ia' ,a) 
for all a, a' G H{n) and b E G{n — 1). Furthermore, we have 



aH{ab{a),ab{a'))aH{a, a') 

'^jk 



J~J ^<^,^(a'^^+bia'^)~a„a'^^ _ -J-j- ^(aj,^+bja„){a'^^^+bka'J-aj^a'^, 



l<i<n-l l<j<k<n-l 



n^6ia^a^ 'r~T bj a'f^^aji-^rbkajna'^+bjbkana'^ 



l<j<n-l l<j<fc<n-l 



This is equal to aH{(^bio-'),Oib{a))aHicL',a) for all a, a' G H(ji) and b G G{n — 1) 
if and only if the expression remains unchanged under the substitution a < — > a', 
that is, if and only if all the /ijfe's are 1. □ 

Lemma 2.1.2. For every element of H^{G{n),T) there is a unique associated 
pair (<JH{n)T 9n) satisfying the conditions of Lemma \2.1.1\ such that 

gn{un, Ui) — 1 for all 1 < z < n — 1. (13) 
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Proof. Suppose that {(JH{n)i9n) satisfies (|lip and (|12p . Let / : H{n) — > T 
be the homomorphism determined by f(un) = 1 and f{vin) = gn{un,Ui) for 
all 1 < i < n — 1, and define 5^ by g'^(a,b) = f{ah{a))f(a)gn{a,b). Then, 
g'^{un,Ui) = 1 for all 1 < i < n — 1 and by Proposition 12.31 {(JH(n)i9'n) deter- 
mines a multiplier on H{n) in the same similarity class as the one coming from 

{'^H(n),9n)- 

Suppose now that there are two pairs {<yH(n)i9n) and , g^) both satis- 

fying the conditions of Lemma l2.1.1l Then f^j-^-j — cr/f(n), so by Proposition l2.3l 
and the succeeding remark, there is a homomorphism / : H[n) — > T such that 

n-l 

= f{ab{a))f{a)gn{a,b) ^ {\\ /(v*«)''"''")ff«(a, 6) 

i=l 

for all a S H{n), b £ G{n — 1). In particular, 

g'niun, Ui) = f{vin)gn{un, Ui) for aU 1 < i < n - 1, 

so that = gn if g'n{um Ui) = gn{u,n Ui) for all 1 < i < n — 1. □ 

In the forthcoming lemmas we fix an element of {G{n) , T) , and let {oHin) 1 5) 
be the unique associated pair satisfying (jlip , (|12p and (|13p for some set of scalars 
C T. 

For computational reasons, we now introduce the following notation. For 
a = (a„, oin, . . . , a„_i^„) S H(n), we write a = w{a) + z{a), where w{a) = 
(a„, 0, . . . , 0), and z{a) is the "central part", i.e. z{a) — (0, ai„, . . . , a„_i^„). Sim- 
ilarly, for 6 = (61, ... , bn~i,bi2, . . . ,6„_2,n-i) G G(n- 1), we write b = w{b)z{b), 
where w{b) = (61, . . . ,5„_i,0, . . . , 0) and z{b) = (0, . . . ,0, 612, . . . ,6„_2,„-i). Re- 
mark that af){a) = a if either w^a) or w(b) is trivial, i.e. if either a or 6 is central. 

Lemma 2.1.3. For all a e H{n) and b G G{n — 1) we have 

9{a, b) = g{w{a),w{b))g{w{a),z{b))g{z{a),w{b)). 

Proof. It follows immediately from Lemma 12.1.11 that if a, a' G H{n) and w{a) 
or w{a') is 0, then 

g{a + a',b)^gia,b)g{a',b), (14) 

hence, 

b) = g{w{a) + z{a), h) = g{w{a), b)g{z{a),b) 

for aU a G H{n) and b G G{n - 1). If fe' G G{n - 1) and w{b') = e, then b' is 
central and ab'{a) — a for all a G H{n). Therefore, 

g{a, b)g{a, b') = g{a, bb') = g{a, b'b) = g{ab{a), b')g{a, b) (15) 

for aU a G H{n), b G G{n - 1). By ((T3]), we then get 

1 = g{ab{a),b')g{a,b') 
^ g{a + (0, 5ia„, . . . , 6„_ia„), 6')5(a: 
= .g(a, 6').9((0, foia™, ■ • ■ , bn-ian),b')g{a, b') 
= .g((0, 6ia„, . . . , 6„_ia„), 6') 
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for all a G H{n) and b £ G(n — 1). Consequently, since this holds for all a G H{n) 
and h G G(n — 1), and central b' G Giji — 1), we get that if a and b are any 
elements in H{n) and G(rt — 1), respectively, then g{z{a),z{h)) = 1. Moreover, 
(fT5|) also imply that if 6,5' G G{n — 1) and either w{b) or w{b') is equal to e, 
that is, either b or 5' is central, then 

g{a,bb') = g{a,b)g{a,b'). (16) 

Hence, by ^ and Km), 

g(a, 6) = g(a, w{b)z{b)) = .g(a, w{b))g{a, z{b)) 

= 9(w{a),w{b))g{z{a), w{b))g{w{a), z{b)) ■ 1 

for aU a G H{n) and 6 G G{n - 1). □ 
Lemma 2.1.4. For a G H{n) and b, b' G G{n — 1) we /lave 

n-l 



g{z{a),w{b)) = J| 



171 ; 



\ainbi 



l<i<j/<Ti l<i<j?<n 

and 

5(a,66') - ( n .9(«»,«,)''''''^"").9(a,6).9(a,6')- (17) 

Proo/. Let z(i/(n)) = {z(a) | a G i/(n)} andz(G(n-l)) = {z{b) \ b G G(n-l)}. 
Then note that g is a bihomomorphism when restricted to z{H{n)) x G{n — 1) 
or H{n) X z{G{n — 1)). Therefore, the first two identities hold. Indeed, this 
follows directly from ^ after noticing that since z{a) and z{b) are central, 

(z(a)) = z(a) and ^^(b) (u)(a)) = w(a). 

Moreover, for i < j we have that UiUj — VijUjUi. By ([5]) and the previous 
lemma, 

g{Un,UiU.j) = g{au^{un),u^)g{un,Uj) 

= g{UnVjn,Ui)g{Un,Uj) 

= g{un, Ui)g{vj„, Ui)g{un, Uj) 



and 



so that 



g{u„,VijUjUi) = g{un,Vij)g{un,UjU^) 

= g{un, Vij)g{aui (u„), Uj)g{un, Uj) 

= giUn,Vij)g{UnVin,Uj)g{Un,Ui) 

= giUn, Vij)g{Un, Uj)g{vin, Uj)g{Un, Ui) , 

g{Vjn,Ui) ^ g{Un,Vij)g{v^n,Uj), (18) 
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which gives the last identity in the second hnc of the statement. FinaUy, 

g{a, bb') = g{at'{a),b)g{a, b') = g{a + (0, b[an, 6^„ia„), b)g{a, b') 
= .g((0, 5'ia„, . . . , b'^_^an), w{b))g{a, b)g{a, b') 

n-l 

= [X{g{v,n,w{b)f'^''-)g{a,b)g{a,b') 

n — 1 n— 1 ^/ ^ 

i=i j=i 



Lemma 2.1.5. For all a G H{n) and b G G{n — 1) we /lawe 

n-l 

i=l 

l<i<j<n-l 

Proof. First we see from (TTfl) that if 6j > 1, then 

g{un,uf) = g{Un,u'^'~^Uj) 

= givjn,UjP''^g{Un, u'^'~^)g{Un, Uj) 
= ■■■= g{Vjn,Uj)i''''^''^-^'^g{Un,Uj)''' 

and it is not hard to see that 

giu„,u/) = g{vjn,Uj)^''''^'''-^^g{un,Uj)''' 

for negative bj as well, for example by applying (|17p again. 
Moreover, note that w{b) — u^^-i ' ' ' "iS so that by pT|) . 

5(u„, w(6)) = 5(u„, • • • wji) 

n-l 

= ( n .9(^'ln''"i)^'''')5('""''"n"-l' • • •'"2').9("n,U?') 



J=2 



l<i<j<?i-l j=l 



13 



Then by (HI]) for a„ > 1, 

g{w{a),w{b)) = g(a„u„,u^"_7 

n-l 

= ( n A,^'^°"~^^) • 5((a„ - l)u„, M^Ti' • • • Wi')5(un, w^-i' 

=...=(jiA:---(-~^^).gK,e-i...<)- 

i=l 

n-l 

1=1 l<i<j<n-l 
n-l 

bi 



i=i 

Again it is not hard to see that a similar argument also works for negative a„. 
Finally, recall that we have chosen g so that g{un,Uj) = 1 by p^ . □ 

Lemma 2.1.6. We have 

H^{G{n),T) =s T"("-i), 
and for each set of n(n — 1) parameters 

{Ajjn : 1 < i < f^, 1 < j < « - 1} C T, 
t/ie associated [t] G i?^(G'(ri), T) mai/ 6e represented by 

n-l 

l<i<j<n-l 3 = 1 

n-l 

^,a^(aj„+^?jtln)+^^jaT^{a7^ — 1) 
^njn 



Proof. If one puts Aij„ — g{vjn, Ui) for i, j < n and A„j„ = Aj for j < n, then 
this is a consequence of the preceding lemmas. Indeed, by ([5]), we can represent 
T as a pair {(TH(n),g)- Here (JH(n) is of the form pip and g can decomposed as 
in Lemma [2 . 1 .31 with factors computed in Lemma [2.1.41 and Lemma [2. 1.51 □ 

To complete the proof of Theorem l2.7l we set r — a'b and s = ab' and recall 
that by Corollarv l2.t)l we can compute cr„ inductively as [an] = 11^=2 1^"]- 
Finally, we can also check that X]fc=2 ^(^ ~ 1) = |("' + ^)n{n — 1). 

3 The twisted group C*-algebras of G{n) 

Again, let G be any discrete group, a a multiplier of G and H a nontrivial 
Hilbert space. A map U from G into the unitary group of H satisfying 

U{r)U{s) = cr{r,s)U{rs) 

for all r, s e G is called a a-projective unitary representation of G on %. 
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We recall the following facts about twisted group C* -algebras and refer to 
Zeller-Meier [TH] for further details of the construction. 

To each pair (G,cr), we may associate the full twisted group C*-algebra 
C*{G,a). Denote the canonical injection of G into C*{G,a) by i^-- Then 
C*{G,a) satisfies the following universal property. Every tr-projective unitary 
representation of G on some Hilbert space TL (or in some C*-algebra A) factors 
uniquely through v- 

The reduced twisted group C*-algebra C*{G,a) is generated by the left 
regular cr-projective unitary representation Ao- of G on B{£'^{G)). Consequently, 
Act extends to a *-homomorphism of G*{G,a) onto C*{G,a). If G is amenable, 
then Act is faithful. Note especially that every nilpotent group is amenable, so 
that G*{G{n),a) = G*{G{n),a) through X„ for every n > 1 and all multiphers 
a of G(n). 

Finally, remark that if r ^ cr through some /3 : G — ?■ T, then the assignment 
ir{r) j3{r)i„{r) induces an isomorphism C*{G,t) — j- G*{G,a). 

Theorem 3.1. Fix n > 2 and let a be a multiplier ofG{n) of the form that 
is, determined by the ■^{n + l)n{n — 1) parameters 

{Ajjfc : 1 < i < fc, 1 < j < fc < n} C T. 

Moreover, set 

^kAj — K,jk^j,ik (19) 

when l<i<j<k<n. 

Then the twisted group C* -algebra G*(G(n),(T) is the universal G* -algebra 
generated by unitaries {Ui}i<i<n and {Vjk}i<j<k<n satisfying the relations 

[Vjk,Vlra]=I, [U,,Vjk]= kjkl, [U,,Uk]=Vjk (20) 

for 1 < i < n, 1 < j < k < n, and I < I < m < n. 

Proof. Set Ui = ia{ui) and Vjk — icr(vjk) and note that ^ gives that a{ui,Vjk) = 
Xijk and a{vjk, Ui) = 1 for all 1 < j < n and 1 < j < k < n. Thus, 

[Ut, Vjk] = a{ui,Vjk)o-{vjk,Ui)I = X^jkl for aU 1 < i < n, 1 < j < fc < n. 

Moreover, note that a{ui,Uj) = 1 for all 1 < i,j < n and <T{vjkTVim) = 1 for 
all 1 < i < k < n and 1 < Z < m < n. Hence, it is clear that C*{G{n), a) is 
generated as a G*-algebra by unitaries satisfying (^0)) . 

Next, suppose that A is any G*-algebra generated by a set of unitaries 
satisfying the relations (|20p . For each r in G{n) we define the unitary Wr in A 

by 

Then a computation using PU)) repeatedly gives thaid WrWs = T{r,s)Wrs, 
where T(r, s) is a scalar in T for all r, s G G{n). Now, the associativity of A 
immediately implies that r is a multiplier of G{n), so that is a r-projective 
unitary representation of G(n) in A. Furthermore, note that r satisfies 

T{ui, Vjk)T{vjk,Ui) = Ajjfc for 1 < i < 71, 1 < j < A; < n. 

^In general, it will require much work to compute the formula for t and it is not needed 
for this argument. However, for n = 2, the expression for t is precisely of the form HIOII . 
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By the universal property of the full twisted group C*-algebra, there exists a 
unique *-homomorphism (p of C*{G{n),T) onto A such that (p{ir{r)) — W{r) 
for aU r G G(n). 

Therefore, it is sufficient to show that r ~ cr, because then C*{G{n),T) 
is canonically isomorphic with C* {G{n), a). By Theorem 12.71 there is some 
/3 : G(n) — > T such that a', given by 

a'ir, s)^P{r)P{s)W^Tir,s), 

is of the form ^ . We calculate that 

= (3{ui)l3{vjk)l3{uiVjk)T{ui,Vjk)fi{vjk)fi{ui)l3{vjkUi)T{vjk,Ui) 

for all 1 < i < n and 1 < j < k < n. Hence, a' = a, so t ^ a. □ 

Remark 3.2. To explain the relation p9p . consider the three-dimensional case. 
Let Ui,U2, Us and ¥12, V13, V23 be unitaries in a C*-algebra B satisfying 

[Vjk , Vi^] = /, [c/, , v,k] = ^i^^JkI, [Uj , Uk] = Vjk 

for l<i<3, l<j</c<3, and 1 < Z < m < 3 where {/ii.jfc} is any set of nine 
scalars in T. Then we can compute that 

C/1C/2C/3 = Vi2U2UiU:i = ■■■= ll2,13Vl2VuV23U3U2Ui, 
U1U2U3 = U1V23U3U2 = • ■ • = ^J-l,23^J■3,12Vl2Vl3V23U3U2Ul, 

that is, we must have /J.2,13 = Mi, 23/^3,12- 

For dimensions n > 3, any choice of a triple of unitaries from the family 
{^}"=i gives a similar dependence. In the n ■ ^n{n — 1) commutation relations, 
these (3) dependencies are the only possible ones since 

n ■ \n{n - 1) - (3) = \n{n - 1) (n - \{n - 2)) = \{n + l)n{n - 1). 

Remark 3.3. Let a; be the dual 2-cocycle of G{n), that is, 

w : G(7i) X G(n) ^ i?2(G(;;:), T) ^ 

is determined by uj{r, s)(cr) = cr(r, s) for a multiplier a of G{n). Let the group 
be defined as the set x G(n) with product 

U,r){k,s) = {j + k + uj{r,s),rs). 

It is not entirely obvious that u and K{n) are well-defined and we refer to [T^ 
Corollary 1.3] for details. Moreover, according to [121 Corollary 1.3], we may 
construct a continuous field A over H'^{G{n),T) with fibers A\ = G* {G{n), a\) 
for each A G H'^{G{n), T). Then the G*-algebra associated with this continuous 
field will be natural isomorphic to the group G*-algebra of the group K{n). 

Next, we briefly consider the group G(3,2) generated by ui, U2, ^'12, wi, W2 
satisfying 

[wi,U2] = W12, [wi,wi2] = wi, [u2tVi2\ = W2, wi,W2 Central. 
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Then we have that ^(G(3, 2)) ^ 1? and Z(C*(G(3, 2))) = C(T2). 

Let z denote the canonical injection of G(3, 2) into G*(G(3,2)). For each 
A = (Ai,A2) e T^, let G*(G(2),(7a) be generated by unitaries satisfying (^0)1 . 
By a similar argument as in Theorem ll.il there is a surjective *-homomorphism 

7rA:G*(G(3,2))^G*(G(2),aA) 

such that i(u.i) = ?7i, i^vyi) — V12, and i{wi) — Xil for i — 1,2. Moreover, the 
kernel of Tr\ coincides with the ideal of G*(G(3, 2)) generated by 

A e PrimZ(G*(G(3,2))) Z(G*'(G(3, 2))) = ^ H^{G{2),T). 

Again, similarly as in Theorem ll.il we define a set of sections and apply the 
Dauns-Hofmann Theorem. In this way, the triple 

(i/2(G(2), T), {C*{G{2),ax)}x,C*{G{3,2))) 

is a full continuous field of G*-algebras, and the G*-algebra associated with this 
continuous field is naturally isomorphic to G*(G(3,2)). 

It is not difficult to see that K{2) is isomorphic with G(3, 2) (and with 
H^^a). We conjecture that K{n) = G{3,n) also for n > 3, where G(3, n) is 
the free nilpotent group of class 3 and rank n as described in so that A is 
isomorphic with G*(G(3,n)). For n > 3, the complicated part is to construct 
an isomorphism Z3 = Z(G(3, n)) and produce a commuting diagram 

(recaU JH)): 

1 ^i(«+l)„(n-l) ^ ^ ^ ^ 

i 

1 Z(G(3,n)) — ^ G(3,7i) G(n) 1 

4 Simplicity of C* {G{n) , a) 

Let tr be a multiplier of any group G. An clement r of G is called a-regular if 
(T(r, s) = a{s, r) whenever s in G commutes with r. If r is cr-regular, then every 
conjugate of r is also cr-regular. Therefore, we say that a conjugacy class of G 
is cr-regular if it contains a cr-regular element. 

The conjugacy class Gr of r G G{n) is infinite if r ^ Z{G{n)). Indeed, for 
any s G G(n) we have that 

(srs~^)i = and {srs^'^)jk = Tjk + SjTk - rjSk. (21) 

Hence, \Cr\ = cxd if 7^ for some i. Of course, C,. = {r} if r G Z{G{n)). 
Now, we fix a multiplier a of G{n) of the form 

Lemma 4.1. Let S{G{n)) be the set of a-regular central elements of G{n), that 
is, 

S{G{n)) = {r G Z{G{n)) \ a{r,s) ^ (j{s,r) for all s G G(n)}. 
Then S{G{n)) is a subgroup of G{n) and Z{C;{G{n)), a)) 9^ G(5(G(^))). 
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Proof. It is not hard to check that S{G{n)) is a subgroup of Z{G{n)). 

Consider the reduced twisted group C*-algebra C*{G{n),a) inside B{£^{G)). 
Let Se in P{G) be the characteristic function on {e} and for an operator T in 
B{e{G)), set /t = T5e £ i^{G). If T belongs to the center of C;(G(n), ct), then 
/t can be nonzero only on the finite a-regular conjugacy classes of G{n), that 
is, on S{G{n)) (see e.g. [T71 Lemmas 2.3 and 2.4]). 

Next, let C*{S{G{n)),a) be canonically identified with the C*-subalgebra 
of C*{G{n),a) generated by {Acr(s) | s G S{G{n))}. Since G{n) is amenable, 
it follows from last paragraph of 4.26] that T belongs to C*{S{G{n)), a). 
This means that Z{G*{G{n),a) C C*{S{G{n)),a). As the reverse inclusion 
obviously holds, we have Z(C;(G(n)), a)) = G;iS{G{n)),a). 

Now, it is not difficult to see that C;(5'(G(n)) ^ C;(5(G(n)), a). Indeed, as 
s Acr(s) is a unitary representation of S{G{n)) into G*{S{G{n)),a) and the 
canonical tracial state r on C*{S{G{n)),a) is faithful and satisfies t(A(j(s)) — 
for each nonzero s £ S{G{n)), this is just a consequence of [13 Theoreme 4.22]. 
Altogether, we get 

Z{C;{G{n)),a)) = C;{S{G{n)),cr) ^ G;(5(G(n)) ^ G(S'(G(^))). 

□ 

Remark 4.2. If S{G{n)) is nontrivial, we can describe C* {G{n), a) as a con- 
tinuous field of G*-algebras over the base space S{G{n)). The fibers will be 
isomorphic to C* (G{n)/ S{G{n)),uj) for some multiplier cu of G{n) / S{G{n)) (see 
[T5 , Theorem 1.2] for further details). 

Example 4.3 ([7, Lemma 3.8 and Theorem 3.9]). Fix a multiplier a of G(2) of 
the form (|10p such that both A1.12 and A2,i2 are torsion elements. Let p and q be 
the smallest natural numbers such that A^ 12 — -^2 12 = 1 ^'^'^ fc = lcm(p, q). 
Clearly, Z(G(2)) = Z and S'(G(2)) = fcZ. Moreover, G(2)/5'(G(2)) can be 
identified with the group with product 

('^1,'^2,?'12)(S1,S2, S12) = {ri + 51,7-2 + S2,ri2 + Sl2 + riS2 UYoAkT) 

for ri,r2, Si, S2 £ Z and ri2, S12 G {0, 1, . . . , fc - 1}. 

Then G*(G(2),o') is a continuous field of G*-algebras over the base space 

S'|G(2)) ^ T. The fibers will be isomorphic to G*(G(n)/S'(G(n)), wa), where 
A € T and 

ujx{r, s) = (j{r, 3)1/^"^ 

for some ^ S T with /x*^ = A. 

Theorem 4.4. The following are equivalent: 

(i) C*{G{n),a) is simple. 

(ii) C*{G{n),a) has trivial center. 

(Hi) There are no nontrivial central a-regular elements in G{n). 

Proof. By |14i Theorem 1.7], C*{G{n), a) is simple if and only if every nontrivial 
a-regular conjugacy class of G{n) is infinite. Since every finite conjugacy class 
of G(n) is a one-point set of a central element, then (i) is equivalent with (iii). 

Moreover, (iii) is the same as saying that S{G{n)) is trivial, so therefore, (ii) 
is equivalent with (iii) by Lemma |4. II □ 



18 



Lemma 4.5. A central element s — {0, . . . ,0, Si2, S13, . . . , s„_i^„) is a-regular 
if and only if 

n 

l<j<k<n 

for all 1 < i < n. 

Proof. A central element s — (0, . . . , 0, S12, S13, . . . , s„_i.„) is a-regular if and 
only if a{s,r) — (j{r,s) for all r 6 G{n). By a direct calculation from the 
multiplier formula we get that 



n( n A- 

j=l l<j<k<n 



is equal to 1 for all r e G(n) if and only if the inner parenthesis is 1 for each 
1 < i < n. □ 

Corollary 4.6. C*{G{n),a) is simple if and only if for each nontrivial central 
element s = (0, . . . , 0, S12, S13, . . . , s„_i_„) there is some I < i < n such that 

n K:^^^^- 

l<j<k<n 

Example 4.7. C* {G{3),(t) is simple if and only if for each nontrivial central 
element s — (0, 0, 0, S12, S13, S23) at least one of the following hold: 

\S12 \S13 \S23 ^ 1 

^^142^^1, 13^^1,23 r 

\S12 \S13 \S23 ^ 1 

^^2, 12^2, 13^2, 23 r -^i 

\S12 \^13 \S23 / 1 

^3,12^3,13^3,23 r ^■ 

Set Xijk — e^'^'*''^'' for tijk G [0, 1) and consider the n x ^n{n — l)-matrix 
T with entries tijk in the corresponding spots. Then T induces a linear map 

]gin(n-l) ^ 

Corollary 4.8. Let T be the matrix described above. Then following are equiv- 
alent: 

(i) C*{G{n),a) is simple 

(ii) r-i(Z") n z4"("-i) = {0} 
(Hi) r(zi"("-i) \ {0}) n z" = 

Remark 4.9. Clearly, the condition (ii) above is equivalent to that T restricts 
to an injective map 
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Furthermore, for 1 < j < k < n, define 

Ajk - {Ujk e [0, 1); 1 < i < n I e^"*-*- = A.^fe} 

and for 1 < i < n, define 

A. = {i.jfc e [0, 1); i < J < fc < 71 I e^'^**-'' = A,,,fc}. 

Proposition 4.10. If there exists i such that all the elements of Ai are irra- 
tional and linearly independent over Q, then C*{G{n),a) is simple. 

Proof. It follows immediately from Lemma 14.51 that "equation i" cannot be 
satisfied unless s = 0. Hence, no nontrivial cr-regular central elements exists. □ 

Proposition 4.11. // there exists j < k such that Ajk consists of only rational 
elements, then C* {G{n),a) is not simple. 

Proof. Let q be the least common multiplier of the denominators of the elements 
of Ajk. Then qvjk is central and ct- regular. Indeed, 

i=l 

for all r G G(n). □ 



5 On isomorphisms of C*(G(n),cr) 

Fix n>2 and let a be a multiplier of G{n). If ip is an automorphism of G{n), 
define the multiplier (j^p of G(n) by 

(T^(r,s) =a(^(r),^(s)). (22) 

Then the associated twisted group C*-algebras C*{G{n),(T) and C*{G{n),a^) 
are isomorphic. Indeed, the map 

extends to an isomorphism C* (G{n),a) C*{G{n),a^). Moreover, for any 
automorphism Lp of G{n), it is easily seen that cr r if and only if ^ Tip. 
Hence, there is a well-defined group action of the automorphism group Aut G{n) 
on H^iG{n),T) defined by ^ ■ [a] ^ [a^]. 

Furthermore, we have that the inner automorphism group of G{n) can be 
described as 

InnG'(n) ^ G{n)/V{n) = Z". 

Indeed, this is the case since the central part of an element does not contribute 
in a conjugation (and can also be seen from (|2ip ). The outer isomorphism 
group Out G{n) — Aut G(n)/ Inn G(n) turns out to be harder to describe di- 
rectly. Therefore, we introduce another subgroup of AutG(n), consisting of 
the automorphisms G{n) — > G(n) of the form Ui i— >■ ztUi for 1 <i < n and cen- 
tral elements zi G V{n). In particular, these automorphisms leave all the vjk's 
fixed. Clearly, this subgroup of Aut G(n) is isomorphic with V{n)"' and contains 
InnG(ri). In fact, in the case n = 2, we have V{2)^ = InnG(2). 
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Theorem 5.1. There is a split short exact sequence: 



1 



V{n) 



AutG(n) — GL(n,Z) 



Proof. Assume that f is any endomorphism G{n) G{n). Clearly, the image 
of any central element under (p must be central, so restricts to an endo- 
morphism (pi : V{n) V{n). Therefore, ifi also induces an endomorphism 
ip2 ■ G{n)/V{n) — >■ G{n)/V{n), determined by ip2{q{r)) = q{(p{r)). Consider 
now the following commutative diagram: 



^ V{n) 



G{n) 
G{n) 



V2 



Assume that (p2 is an automorphism. First, since Lp2 is surjective, then for all Uj 
there is some Si G G{n) such that ip{si) = ZiUi for some Zi e V{n). Hence, for 
all J < fc, we have ipi{sjSkS~^s'^^) = vjk and therefore, fi is surjective. Every 
surjective endomorphism of Z" is also injective, so tpi is an automorphism as 
well. Thus, by the "short five-lemma", ip is an automorphism. 

The converse obviously holds, and hence, ip is an automorphism if and only 
if ip2 is an automorphism. 

Furthermore, the construction of G(n) in terms of generators and relations 
means that every endomorphism G{n) — > G{n) is uniquely determined by its 
values at {wi}"^!- In particular, we let (p : G{n) — > G{n) be determined by the 
pair of matrices given by its entries 

{^{ui),), {p{u,),k) G M„(Z) X M„,i„(„_i)(Z) 

so that the induced endomorphism ip>2 is coming from a matrix in M„(Z). 
By the above argument, the following map between endomorphism groups 

EndG(n) ^ EndZ", {'4^{ui)jk) ^ (fMj) (23) 

restricts to a surjective map AutG(n) — >■ AutZ" = GL(n, Z). 
To conclude the argument, we need the following. 

Lemma 5.2. If (p and ip' are two endomorphisms of G{n), then 

n 

{ipO(p'){ui)j ='^<p'{Ui)k<p{Uk)j. 

k=l 

If if and ip' are two endomorphisms of G(n) that both induce the trivial map on 
G{n)/V{n), then 

{ip O p'){Ui)jk = ip'{Ui)jk + (p{Ui)jk- 

Proof. For the moment, set p{ui)j = Vij and (p'{ui)j = Sij. Then 

{p o^')M = • • • ur z) = • • ■ u\-^r- ■ ■ ■ «- • ■ • z' 
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for some elements z, z' G V(n)- Moreover, we can change the order of the u^'s 
in the expression just by replacing z' by another central element z" and thus, 

n 

((^ O Lp )[ui)j = TnjSin + fn-ljSi,n-l H V rijSii = ^ SifcTfe^-. 

fe=l 

If both (^2 and ip'2 are trivial, then (piui) = ZiUi and (f'{ui) — z[ui for all 
1 < i < n and some elements Zi, z[ G V{n). Hence, ip{vjk) — ip'{vjk) — Vjk for 
all j < k and thus, 

□ 

Therefore, ([221) restricts to a surjective homomorphism Aut G{n) -> GL(n, Z) 
with kernel isomorphic to the group M„ i„(„_x)(Z) under addition, that is, to 

Moreover, it should also be clear that GL(n, Z) sits inside Aut G{n) as a 
subgroup so that the sequence splits. In fact, we can calculate the action of 
GL(n,Z) on V{n)" and see that A G GL(n, Z) acts on ((si)jfe) G M„ i„(„_;^-| (Z) 
by the natural action on each column. □ 

Proposition 5.3. If (fi G V{n)''\ then a ~ a^. Thus, the action ofV{n)" on 
H^{G{n),T) given by ^ is trivial. 

Proof. It is not hard to see that 

criui,Vjk)cr{vjk,Ui) = (7:p{ut,Vjk)(Jip{vjk,Ui), 

that is, 

[HGM)M,i{G,a){V]k)] = [HG,a^){Ut),i{G,a^){V]k)] 

for all 1 < i < n and 1 < j < k < n. Hence, by the proof of Theorem 13. 11 ct^ is 
similar to a. □ 

Remark 5.4. To describe the GL(n, Z)-action on H'^{G{n),T) requires more 
work. In particular, for A G GL(n, Z), we will need to define another square 
matrix A of dimension ^n{n — 1), with entries coming from the determinant of 
all 2 X 2-matrices inside A. More precisely, HA— {oij), A is given by entries 
o-ij^ki for i < j, k < I such that Oij^^i = OikOji — auajk. Then A acts on the 
matrix T of Corollary [M] by A-T = AT A. 

Further description of this action and an attempt of determining the isomor- 
phism classes of C*{G{n),a), or maybe of matrix algebras Mk{G* {G{n), a)), 
will hopefully be included in a future work. 

Finally, we remark that for n = 2, it is shown by Packer [TH Theorem 2.9] 
that C*(G(2),cr) and C*(G(2), cr'), where a and a' are of the form ©, are 
isomorphic if and only if there is a GL(2, Z)-matrix A taking a to a'. Note in 
this case that A = det A ^ ±1. 
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